The purpose of this study is to find an optimal shape of a body located in the viscous flow using the acoustic velocity. The optimal shape is defined so as to minimize fluid forces acting on the body. In this paper, the formulation is based on an optimal control theory, in which a performance function is expressed by the fluid force. The performance function should be minimized satisfying state equations. Therefore, the optimal control problem results in the minimization problem with constraint conditions. The problem can be transformed into the minimization problem without constraint condition by the Lagrange multiplier method. As the minimization technique, the gradient based method is applied. For the discretization, the finite element method is used to the state and adjoint equations. The shape determination of the minimum drag and lift forces is carried out.
INTRODUCTION
To solve fluid flow problems in the computational mechanics, the incompressible flow is frequently utilized. However, we certainly need to consider the compressibility in any kind of actual fluid flow. That means that, the acoustic velocity is limited in any case. The method of executing the calculation is presented taking the compressibility into consideration. Generally, acoustic velocity is a function that depends on temperature and density. However, in a fluid close to be incompressibe, the acoustic velocity takes a large value, and it is observed that the fluid is constantly close to be incompressible. Moreover, acoustic velocity can be observed accurately. Thus, we can use acoustic velocity to express a flow behavior that is considered to be more realistic. The purpose of this study is to solve a shape optimization problem based on an optimal control theory with the use of the acoustic velocity in the state equation. As an approach of the drag force minimum decision problem, Pironneau [1] , [2] proposed algorithm of a shape optimization. It is to change shape of a body optimally using the gradient which is determined taking the variation of coordinates. On the optimal control theory, a performance function is introduced, which is defined by the fluid force subjected to the body. The fluid force can be derived by integrating the traction over the surface of the body. The performance function should be minimized satisfying the state equation. Therefore, this optimal control problem results in the minimization problem with constraint conditions. The research is presented by Kawahara et al [3] , [4] , [5] , [6] , [7] . Considering that a volume of a body should be kept constant, the volume constraint is also introduced. This problem can be transformed into the minimization problem without constraint condition by the Lagrange multiplier method. The finite element method based on the implicit bubble function formulation is used to solve the state and adjoint equations because the finite element method is suitable for the analysis of a body with arbitrary configurations. As the spatial discretization, the finite element method using the mixed interpolation is applied. As the temporal discretization, the implicit method which has capability of taking long time increment and superior in stability is applied. As numerical studies, fluid force reduction problem of a body located in the viscous flow using the acoustic velocity is carried out.
STATE EQUATION
In this study, the indecial notation and the summation convention is used. The equation of unsteady viscous flow using the acoustic velocity is expressed as follows:
where u i , p, κ, c, are velocity, pressure, volumetric viscosity coefficient (κ=-2 3 ν), acoustic velocity, respectively and Kronecker delta is expressed by δ ij . Here, ν is dynamic viscosity. A typical problem is described in Figure 1 , in which a solid body B with the boundary Γ B is laid in an external flow. Suppose that the boundary and the initial conditions are given as follows:
where Here, U , t i and n j are the constant inflow velocity, traction vector and unit outward normal to Γ, respectively. The fluid force acting on the body B is denoted by F i , where F 1 and F 2 are drag and lift forces, respectively. The fluid forces F i are obtained by integrating the traction t i on the boundary Γ B as follows:
3 FORMULATION
Volume constraint
The shape of the body is optimized keeping a volume of an initial shape constant in each iteration. The constant volume is defined keeping the volume of the whole domain as follows:
where X i is the surface coordinates of the body, a e (X i ) is the volume of an each finite element and A 0 is the volume of the initial domain.
Performance function
In this paper, a fluid force reduction problem is treated. The performance function J is defined by the square sum of the fluid forces:
where q 1 and q 2 are the weighting parameters,F 1 andF 2 are the target drag and lift forces, which are set zero in this study. On the optimal control theory, if the performance function of the fluid force is minimum, the optimal condition is defined to be obtained. The performance function should be minimized satisfying the constraint conditions which are the state equations (1) and (2). The Lagrange multiplier method is suitable for the minimization problem without constraint conditions. The Lagrange multipliers for the state equations (1) and (2) are defined as the adjoint velocity u * i and the adjoint pressure p * . The performance function is extended by adding the inner product between adjoint variables and state equations. The extended performance function J * is described as follows:
Stationary condition
The minimization problem with constraint condition results in solving a stationary condition of the extended performance function J * instead of the performance function J. Adjoint equations and a gradient used to update the shape can be derived by the fact that the first variation of the extended performance function equals to zero. The stationary condition is expressed as follows:
The first variation of the extended performance function can be calculated as:
where
Considering δJ * = 0, each term of the eq.(14) equals to zero, the adjoint equations, boundary and terminal conditions for the adjoint variables are obtained.
The following relation is used in deriving variation of the extended performance function J * with respect to δX i ;
Then, eq. (14) can be transformed into the following form:
when X j means with respect to coordinates of the body. Thus, the gradient used to update the shape of body, grad(J * ) i can be derived by eq.(24) as follows:
APPROXIMATION

Spatial discretization
As for the spatial discretization, the bubble function element for the velocity and the linear interpolation for pressure are applied and expressed as follows,
bubble function interpolation
2. linear interpolation where Φ α ( α = 1,2,3,4 ) is the bubble function element for velocity. The bubble function interpolation [7] is shown in Figure 2 . The C 0 continuous bubble function is used and Ψ λ ( λ = 1,2,3 ) is the linear interpolation for pressure. The linear interpolation is shown in Figure 3 . The stabilized criteria for the steady state is used, in which the discretized form of the bubble function element is equivalent to those of the SUPG (Streamline-UPwind/Petrov-Galerkin) method. Therefore, in the bubble function element for the steady problem, the stabilized parameter τ eB which determines the magnitude of the streamline stabilized term is expressed as follows,
κ φ e,k φ e,j Ωe +ν φ e,j φ e,i + φ e,j φ e,j Ωe A e ,
where Ω e is an element domain and
The integral of bubble function is expressed as follows,
From the criteria for the stabilized parameter in the SUPG method, an optimal parameter τ eS can be given as follows,
where h e is an element size. Generally, Eq.(31) is not equal to Eq.(34). Thus, the bubble function which gives the optimal viscosity satisfies the following equation. The stabilized operator control parameterν is expressed as,
κ φ e,k φ e,j Ωe +(ν +ν) φ e,j φ e,i + φ e,j φ e,j Ωe A e = τ eB .
It is shown that eq.(36) adds the stabilized operator control term only on the barycenter point to the equation of motion, Ne e=1ν φ e,j φ e,i + φ e,j φ e,j Ωe b e ,
where N e and b e are the total number of elements and bary center point respectively.
Finite element equation
The finite element equation of the state and adjoint equations are expressed as follows: For the state equation;
in Ω, (37)
and for the adjoint equation;
Temporal discretization
As the temporal discretization, the Crank-Nicolson method is applied, which is stable and long time increment can be employed. The continuity equation can be considered in the complete implicit scheme. For the state equation:
and for the adjoint equation:
MINIMIZATION
The weighted gradient method
The gradient based method is applied to the minimization of the extended performance function. A modified performance function K is introduced and expressed as follows, which can be obtained by adding a penalty term to the extended performance,
where l and W αβ are iteration count and stabilizing weight, respectively. If the modified performance function K converges to the minimum, the penalty term can be zero. To minimize the modified performance function K is equal to minimize the extended performance function J * . Applying the following stationary condition,
the updated surface coordinates of the body are calculated at each iteration cycle by the following equation:
Algorithm
The following algorithm is employed for the computation. (a e (X β )) (l) − A 0 = 0.
6. Remesh the computational domain by the structured and unstructured meshes.
β by eqs. (44) and (45) from initial time to final time.
by eqs. (46) and (47) from final time to initial time, l = l + 1 and go to 4.
NUMERICAL STUDY
The drag minimization problem of a body located in the viscous flow using the acoustic velocity is analyzed. The weighting parameters q 1 and q 2 are 1.0 and 0.0, respectively. The Reynolds numbers of computed inflow are 1, 40, 100 and 250, respectively. Each initial shape which is employed as the starting shape, is the final shape in the previous computation. The computational domain and boundary conditions are shown in Figure 4 . The finite element mesh is shown in Figure 5 . The mesh consists of 4518 nodes, 8800 elements and 128 nodes on the surface of the body. The time increment and acoustic velocity are set to 0.01 and 340. 
CONCLUSION
In this study, the shape optimization in the viscous flow using the acoustic velocity is presented. The formulation based on the optimal control theory is applied to the viscous flow using the acoustic velocity. The volume of the target body is kept constant. The gradient which is obtained by the variation of the extended performance function for the surface coordinates is used to obtain the final shape. The method of this study has been applied to the shape optimization problem for the the flows of Reynolds numbers 1, 40, 100 and 250.
